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SIMULTANEOUS MULTIPLE LOOP CLOSHLRES FOR CAVE SURVEYS: A COMPUTER PRCCiam

- NMelLl L. SMITH*
Cave Exploration Group (S.A.) Inc.

Abstract

Tne mathematics of a new least-squares procedure for cave survey loop closures
1§ presented. Previously-publisned metrods cre briefly reviewed and it is
suggested that the new method is swpertor, in both single- and multiple-loop
sttuations. Brief description is gtven of a FORTRAN program for survey
reduction tncorporating this algoritrm.

INTRODUCTION.

The locp closure problem will be familiar to all cave surveyors. However
careful we may be in making measurements, it is most unlikely that a survey
station reachable by more than one path will be positioned unambiguously to
within the plotting accuracy. Before the final plot is drawn it is therefore
necessary to "adjust" the survey.

Closed loops (with a good closure scheme) actually improve the positional

- accuracy of the survey in the same sense that the average of repeated measure-
ments of a single quantity 1is more reliable than one estimate. Of course,
1f the closure error is large we would not (or certainly should not) attempt

. to perform the closure - the data needs to be checked for such gross mistakes
as reversed bearings, etc., and if all else fails a re-survey may be necessary.

Methods in common use for resolving closures .include simple adjustment by eye,
and separate distribution of X, Y and Z errors in proportion to leg lengths.
Ellis (1976) suggests distributing errors equally between legs since this is
the simplest method and, he claims, as likely to produce reasonable results
as any other. If there dre several interconnected loops, however, the simple
methods require that closures be adjusted sequentially. This has the disad-
vantage that the early closures may force errors onto the remaining loops
over and above those due to mere measurement inaccuracies. Precisely for this
reason, most surveyors choose to adjust the "best" closure first.

The purpose of this paper is to show that the closure problem may be put on 2
firm mathematical basis. The problems attending sequential closure are
‘avoided because the opportunity exists for adjusting any number of loops
simultaneously. At least two papers (Schmidt & Schelleng, 1970; Luckwill,
1970) have treated the simultaneous closure problem. I claim some superioris:
for the new method, for reasons to be discussed later. Many cave surveyors
are already using computers for data reduction - why not get the most out of

them?

MATHEMATICS OF LOOP CLOSURE

For simplicity, we consider at first a survey traverse of N legs forming a

b ]

single closed loop, as shown in plan view in Fig. 1. The generalisation to
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Figure 1. Example of uncorrected survey plot.

North eg N

leg (N-1)

other situations is straight forward and is explained later. Due to un-
avoidable errors in the measurements, the last point does not coincide with
the first; insteac there 1s an error which in general has an easterly com-
ponent E , a northerly component Ey’ and (although not shown in Fig. 1) a

veptical-component.zz. The values of the error components may be readily

calculated without plotting. Let us assume that for each leg we have measured
the length L, the bearing B (clockwise from north, in degrees) and the slope
cr elevation S (in degrees, relative to the horizontal). ”

Distinguishing between the legs by a subscript i, the easterly (X), northerly
(Y) and vertical (Z) components of each leg are given by straight forward

trigonometry as:

Xi = Li sin Bi cos Si | PPN 1 4
Yi = Li cos Bi cos Si L 81 52 4 (2)
Zi = Li sin Si . T <

Neogative values indicate, of course, west, south or ‘down. (More usual
mathematical notation would employ r, 8 and ¢, with the azimuth @ being
taken anticlockwise from east, and 6 and ¢ would be measured in radians.
However, the equations are just as readily derivable in terms of the "geo-

graphical" angles.)

re tzken 1in the same sense around the loop, the srror

Provided that all
3 the sums of the corresponcing leg components, fcr

corronents are si
eXample: i

E = .2 Li 2in Bi cos Si z, : . w ow LW}
1=l ®

our a:im irn "adiucsting"” the survey is to introduce srall changes li’ . and s.
i i

some or all of the L., B, ard . in such & way that the errcr corpcnents

=1

=
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are reduced to zero. The smaller the changes that are required, the more
appealing the adjustment will be to the surveyor. The problem is mathemat-
1cally tractable if we choose these adjustments in the way which mlnxmlses
a "weighted least-squares objective function" F, defined as:

, 1171 bi i ¥si® i

F = 2 (w..22 + w b2 + w .s?) d @t v 4S)
1=1 .

The w's are weighting factors which may be freely chosen to reflect the
realities of the survey. For example, we may consider an error in bearing

of 1° to be as likely as a 0.1 m error in length, and make Wig T 100 Wy s

so that each would contribute equally to the value of F. The appearance

of the subscript i implies that different weights may be given to different
legs, a useful feature if some of the surveying was done accurately with (say)
a miner's dial and some only with hand compasses. Some measurements may be
considered "perfectly" accurate if desired - that is, some 1, b or s values
may be defined as zero and simply omitted from equation (5).

Considerirng now any one leg (.iropping the subscript i), the increments 1,
b and s will intodze corresvondirg chanres ¥, v and z to the ear+ing.

northing and height differences. Provided that the increments are small enough,
approximate formulae for these changes may be obtained by partial different-
iation of equations (1), (2) and (3), that is

c s By, By ox et

and similarly for y and z. Explicitly,
X = 1 sin 8 cos S + brlL cos Bcos S - srL sinBsinS . . (7)
y = 1 cos B cos § 7, brL sin B gos S .- stL cos Bsin § . . (8)
2 = 1sin S -+ srL cos S . w8 §9Q¥

The factor r, equal to ©/180, appears because b and s are in degrees.
Geometrical demonstrations of these formulae are possible, and illustrate that
they are more accurate the smaller the increments. For length changes only

(b = s = 0) the formulae are exact.

To "close the loop" we want the net effect of the changes x, v and z surmed
around the loop to be equal and opposite to the original error components
Ex’ Ey and E 57 while simultaneously making F as small as possible. That is,

we have an "equallty constrained" optimisation problem, the three constraint
equatlons being

N

) x; + E_ = 0 ¢ = & (10)
i=1 -

%‘ _

y; + E =0 s (11)

s y
1=1

L 2, + E =0 o o 1012)

3 |



Issue #9 CAS NEWSLETTER December 1982 -14

SMITH — SIMULTANEOQUS MULTIPLE LCOP CLOSURES

To solve such a problem we define a '"Lagrangs function" G (see any general
text on optimisation theory, for example, GoizZried & Weisman, 1973), involving
the objective function F, the constraints, and one new variable p for each
constraint, that is,

G = F + p (!

: i=1

The solution is obtained by simultaneously ecua
derlvatlves of G with respect to all the variah
and s's, and the p's). Substituting for F fro

ting to zero the partial
&bles (the original l's, b's
= equation (5) and for X:s Y5

end z. from equations (7), (8) and (9), and performing the dlr;erentlatlon,

we get:
96 = 0= 2 woul: + in B S
= =0 = p. sin B, cos S, + s B. : in S, .
dli 1i*+1 ; 5 py co Bl cos Sl + pz sin Sl (1y4)
dG ' .
—_— — . - " - “L, h 5 . . - B . S
3%, 0 = 2w b, +prL, cos Ei cos S e oL sin B, cos S, (15)
59- =0=2w.s., - prL. sin B, sin S. - P Di. €08 B, SIn 5, ¥

5 rl. cos S, o e A16)

oo, 1

The partial derivatives with respect to the p's vield the original constraint
equations (10), (11) and (12).

We thus have a set of 3N + 3 simultaneous linear equations to solve. This
would certainly be an unpleasant task by hand calculator. At first sight it
would seem to tax the capabilities of most ccmputers also - if there were 100
legs in the loop, over 90 000 memory locations would be needed just to store
the matrix of coefficients. However, the situation is not as bad as that. The
coefficient matrix is symmetric and (better still) is sparse. A set of very
simple transformations reduce the problem to <hat of solving three simultaneous
ecuctions, followeé by a straightforward tack-susstitution to produce the Fts
b's and s's. In fact, band caculation would bs feasible for a single loop, even

with 100 legs.

because the equations (7), (8) and (9) are nc: exact, this process does not
solve the closure problem exactly, but will ccme extremely close. An exact
closure (with a very slightly sub-optimal value of F) may be obtained by a
gsecond application of the process, this time zllowing only leg lerngths to vary
twhich they will do by miniscule amounts).

GENERALISATIONS

S0 far we have considerecd a single survey 1loo

>, &ll
m=2as-red variables, and required the lcop to tiocse 1in all three cirensions.
S

.atians. First, if we regard

Very simple medifications take care of othrer
s we ¢an acjust the closure

sone measuremen+ts as nuch more reliable than
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Figure 2, Illustrating  simultaneous loop closure.
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by varying only the latter - this leads to equations of the same form but,,".
fewer of them. Second, we may require closure in cnly one or two dimensions,...
f or example, two stations may be'spatially separated but both on the water
table - there would be a z constraint (equation (12)) but no x and y con-
straints; or an electromagnetic ("RDE") measurerent may constrain a station
in X and y but not in z. e

-

The generalisation to multiple loops is also straightforward and is illustrated
in Fig. 2, where legs are numbered and statiocns identified by letters. Stations
mA and m2 are physically the same as station m.. »e Still wish to minimise F as
defined by equation (5), where the summation is over the entire survey and
quite unrelatec to the number of loops. Of cource, if a leg forms part of no
loop, we have no reason to adiust it at all, and so we do not include it. We
now have six constraints because we wish to cancel simultaneously the errors

E £ ' leg
B Eya’ E .» B Eyb and £, . & change to (say) leg 10 would have no effect

on the clostre of "icop A" - thus the sumreticr In the constraint egquations
(10), (11) and (12) is nct over the whole survey but only around the relevant
loop. For example, cne constraint weould be: o

Xlu + xl3 2 X12 + Xl * X2 t X3 + Xq + XS + ;Xé

"
o
v

. .(17)

Only legs 12, 12 anc 14 are common tTo bdoth locps and so appedar in the equations

for both £ anc¢ £ ..
Xa 240)

4

:s a further Iilustiration, suppose that we xnow in adcition th
c are &t the same level although the raw survey would clace :
~ne would then have.: seventh ccnstraint, namely,

at staticns g and
0.3 metre higher.

- o ‘.* ?.. + 003 -
47 Z6 ] 22 + _ 8]

(the minus signs occurring because we are looking at legs 6 and 7 in the

S

‘reverse sense). Fig. 3 shows the coefficient matrix for this example.

Simple transformatiorns reduce the problem to ths sclution of seven
simultaneous equations f we were to consider instead of "loop A" and
"loop B" just one of them and the entire exterior loop, the equations would
Look dl-;,‘ent but the soluticn would be the same.

. (18)

N

TOMPARISCON WiTh OTHER METROD

Schmidt & Schelleng (1370) have published a leas:-sguares method for _
sitimultanenus closures. They minimise not the adjustments to lengths, Dearings
and slopes. (the actual measurements macde) but-the changes to the Cartesian
components (¥, Y and Z) of the survey lags. The zuthors admit that *hey do
not have the control tney would like over b2arinzgs, for example, soms of which
can end up in the adjuste’ versicon to be unvonfcrtably different from their
measured values. '

e me*rod 1 eqques the solubiow of k 3ifqltaﬁ'é;s szuetions (k = r_:’

cer of
otatisns) for each cpordinz=c, apd the zuthers employ the icea cf & "sering"
of iegs to roiuce the coefficient urcrace rezuirstmen<ts. Luchwiil (1370)

|
m

describes (zlthough not fully) whet iz ooten
Fequires only one equatioﬂ for eacﬁ loop.
Luckwill's methol yields exactly the sza=

ame
put with much less effort - I scivas a re
becayse there zre always fewer lcops than
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The pr;rc;pal advartage claimed for the method cresented here is the exp11c1t
formulation in terms of the actual measured quantities - length bearing and
slope. During the adjustment process none of these values can wander further
frem their measured values than absolutely necessary. The small price to pay
is sorme elementary trigoncmetry, and the solution of three equations for each
loop (once) rather than one equation for each loop (three times). The
computer is not worried.

A COMPUTER PROGRAM

A complete survey data reduction program has been written (in FORTRAN)
incorporating the above. It has turned out to be quite long (23 pages of
listing) not because of the mathematics but because of requirements for
generality in entering data and in setting up the equations for all possible

constraint and weight comblnatlons..‘

In summary, the first actlorv of ‘the program is to read in the coordmates of
any stations which were finalised on earlier runs, if any. MNew raw survey
data is then entered in the form "station frqom!, "station to' length, bearing,
slope -and instrument helght .Alternatively, the program can accept stadia
data or any mix of the two types.- Compass and ¢linometer calibration data,
etc., is entered on special cards and applles to all raw data followzng'untll

overridden by a new value indicating, perhaps, a different instrument. An
important feature is that stations reachadble by multiple paths must be given -
“more than one name (as with station m in Fig. 2). To the computer, then,
there are no closed "loops and no amblgultles in station positions, which are
calculated and printed out to allow the surveyor to decide whether lmmedlate
closure is justified or whether the data needs re-assessment. s Game

The program then enters.a "command" mode. Commands include equating stations
to each other (that is,closing loops) in one, two, or.three dlmentlons, and
forcing station coordinates to assume certain values. There is no ambiguity

in choosing the legs’ involved  in thg closure: to the program there are no loops
and so only one path. It.just "happens" that:two "different" stations wind up

with the same coordinates. The commandstructure allows closures to be all
simultaneous, all sequential, or any intermediate combination. Another useful
comnand produces a‘print-out of coordinates for a map at any scale. Plotting
would be another possibility but has nct been included at this stage. Commands
may -be stacked on' the input file after the data, but if a remote terminal is
available the usér may enter them interactively.
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I offer the followlns 1n:answér t@ your questlon ab@ut

transforrations”:
Consider first the case of inree-~dimensional closure of a loop of only
three legs (i.e. N=3). Application of equations (14), (15) and (18) of
the paper to each of the ihree legs gives uz hine equations. In additior
tnere are thnee constraint equations (dne for ehch-dimension); these

cre equations {10), (11) and (12) of the paper. These twelve simul-
taneous: linear equaticns in twelve unknowns (1., b, and s. £ s, fof i=1,2,3
and the new variables p_, p and P, } are writ% %ut in %atrix-vector
form in figure A (with %hls letter;. I have useé:a shorthand notation:
for some elements of the matrix, nanely

a = sin B, cos S

i1 i g

a5 = cos Bi cos Si)

a15 = sin Si |

3y =T Li cos Bl.cos ?if,
g =T Li oin Bi cos si*
‘§£6 = « Li sin’ Bi 819_31
éi7‘=,- r'Li cos Bi.sio;g;'
a,. =1L, cos S, -

i8 1 =eg
. for i =1 1243

All these values are known, being functions-of the measured distances.
bearings, and slopes. :

Although the matrix has 12 x 12 eleménts (144), it is. symmetric and -
many of the elementg are zero. In fact, there are ‘only 33 independent
elements ( 11N elements.for general N, 3K di agoral elements and '8N .
elements in the upper right (or lower left) partition) While we could
in principle simply solve this set of 12 equationsg directly, it is not
eificient. Furthermore, when N is increased to a realistic figure the
natrix becomes too big even for most compnters. e.g. there are 91809
elenents for a loop of 100 legs. :All this is by way of introduction -
1 guess you followed thus far from my paper ‘anyhow, -

‘the "transformations to which I. refer are those we used at sc¢hool
_for solving sets of two or ‘three simultaneous equatisns by hand, and
are based on the fact that any constant.multiple of one egquation may
be subtracted from any other equation without afiecting the solution.
defer again to figure®A. ‘the equation I have labelled. {(10) has ‘the
coefficient of 1 (namelj a ) aninilated by subtracting a fraction
w, L X s
‘é 1] 2 of equatlon \1) “hone of‘the o ther non-zero coefficients are

11 :
2ffected but the coefficlents of D+ D and D, (previously zero)

become - - y

-a - i ’ ' s
—ll "8y, 3y, , and _ 11 -} respeotively. Still looking

2 W
11 2 LT | _ Y11

at equation (10), the next coefficient 2, may then te anihilated by ,
‘subtracting a fractlon. 31' 'of eouaéion (2), without ~i*‘ect*ng the

2 w

b1
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coefficient of 1, which we made zero on the last stevn. Of course, the
coefficéents of % » P, and p_are again changed. Continuing this process,

equation (10) is fodiffed so %.at the coefficients of all the 1, b,
and s variables are made zero. We are left with a linear equation in
only 3 unknowns, i.e.

_N11 px. + MTZ py + m13 pz. = = F

where . I i Z a 2 Z
. -1 ] a
"411 - - ig‘; ( wi1 2 ii + i6 )
1i “bi ¥ai

Mg o= ?_‘1‘ (211 243 &+ 346 2i5 )
= w W
: 1i si

In a similar manner, equations (11) and (12) are modified, leaving just
3 equatiOns in 3 unknowns P, » P and P, » viz.,

J
-H‘n Mg I'i13“ -px- [- Ex“
_ | ) Mz M,y I, B
. M M - M P -5

L 13 23 224 Lozl L el

Because this set of equations is also symmetric, only 6 (not 9) elements
need to be calculated and stored, and a computer library subroutine
tailored for solving symmetric systeas may be used. A 1ittle calculation

will demonstrate to you the symmetry of this system, and also produce
formulae for the rest of the M's, namely |

N0 2 2 2
M,, = -% N 4 %35+ 27 )
i=1 7 S W \ 4
| | 12 bi si

- N
My = -3 0 (212 %43 47 %47 %8 )
W W .

L= 13 si
| N " 4 a Z
M. e _é.:E: (=13 = 48
33 i=1 Y13 L
e & | si

In terms of the original 1¢ by 1< matrix, we can think of the 3 by 9
lower left partition being "emptied" by the transformation orocess
wnile the 3 by 3 lower right partition is “built up".
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Unce the values of p , p_ and p, are found, all of the orlginal -
unxkrowns may be deterained gne-at—a-tlme by backdsubsultutlon. For

exanple, 11'18 found from equation (1)

11 = -(311 o) + a1z P’y + 313 :pz-)'/f:?..w

11

1t will now be apparent to you that the ariginal equations are
solved exactly (apart from numeric roundoff) by this process: “there
ls no need to lump terms together as you suggests The nice thing is
that there are only three simultaneous equations to solve regardless
of the value of N. Of course, more labour is involved for higher N.
because more a,. values must be calculated and there are more steos
in the su*matioﬁs to generatex the M. 1.5

Now, looking at figure 3 of my ASPF paper, the coefficient matrix
in the case of multiple closures is of very similar form and exactly
the same .sort of transformations are:used. In this example there are
seven constraints (2 loops to be closed in 3 dimensions, plus one.
additional closure in z only). Thus we are left with seven simultaneous
equations to solve before back-substituting to get. the: orlginai _"
unznowns. when some legs don't affecd partieular constraints, we get
sone zeros in the off-diagonal partitions of the matrix.

Interestingly, Schmidt and Schelleng could have used the same sort of
transformations and so.avoided having to combine "strings" of survey . -
shots to reduce the size of their matrix. I think that the Schmidt
formulation obscures this somewhat because it uses actual station
coordinates as variables rather than the X, Y or.2. -components of legs.
ncwever (as you observe), the method of Lucawill_w;tn the additicn of
weights gives identical results to Schmidi’'s method. Transformations
of the type 1 have described are pr801sely what Luckwill used to
formulata his "normal equations" (his paper doesn't expvlain this, un-
fortunately). In his example there are three normal equations because
there are. three 100ps, the number of legs in each 1oop doesn't matter.

. What 1L don't like about Luc&wlll s metnod (or 3chmidt’ 8) is
that closure is performed separately in each Cartesian coordinate. I
feel taat this sort of adjustment could seriously distort some parts of
a cave map. ror example, consider a loop wnich closes perfectly in the
eagsterly direction but poorly in the ‘northing, ard includes two legs
of equal length, AB bearing 090 degrees and 3C bearing 180 degrees.
(See figure B herewith). when the loop is closed there will be no east-
erly adjustments and the northerly adiustzents to AB and BC will be
equal (with Schmidt's inverse length weighting). Thus A3 is distorted
alzost entirely in bearing wheraas BC is changed in length (only);
The different treatment results entirely from the difference in true
bearing of the legs. 'this is hardly realistic since the expected
magni tudes of measurementx errors will be independent. of bdearing.
Furthermore, in the usual cave survey situation lenzths are measured
more accurately than bearings. The change in lengta forced on leg BC is
qui te undesirable - the nortnerly misclose is mucz more likely to be
dus to compass errors in those legs witn substantial easterly components. .
All this is of course quite well known; Schmidt and Schelleng refer to it
(p54, bottom left). I susgest that my aetnod provides *he test way of
dealing with this problen.
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